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An analytical method is developed for determining the temperatures 
and heat-transfer coefficients at the inner perimeter of channels of 
square cross section with uniform volume heat release in the walls in 
the case of a given temperature distribution over the outer perimeter 
of the channels. 

Tubes of r ec t angu la r  c ros s  sec t ion  find widespread  
appl icat ion in  va r ious  heat exchangers .  For  tu rbu len t  
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T e m p e r a t u r e  f ield in the walls  of a square  
channel  calcula ted f rom formula  (6) for 1 = 
= 3 . 0 5 m m ,  6=  0 . T m m ,  h =  ~/X w =  0.398 
1 /mm,  qv/Xw = 30.6 d e g / m m  2, t I = 85.5 ~ C, 

t n = 1 6 . s  ~ c .  

flow, the m e a n  heat t r a n s f e r  in channels  on non e i r c u -  
l a r  c ros s  sec t ion  i s  u s u a l l y c a l c u l a t e d t o  an accu racy  
of 10% f rom the fo rmulas  for  c i r c u l a r  tubes ,  taking 
the hydraul ic  equivalent  d i a m e t e r  as the e h a r a c t e r i s -  
t ic d imens ion .  In the case of high t he rma l  loads and 
in te rna l  heat r e l e a se  in the channel  wal ls ,  a co rne r  
pas t  which the f luid flows at a low ra te  exper iences  the 
highest  t he rma l  s t r e s s .  The p rob lem of de t e rmi n i ng  
the local  h e a t - t r a n s f e r  coeff icients  at the c o r n e r s  is  
the re fo re  of p rac t i ca l  impor tance .  

D e i s s l e r  and Te l l e r  [1] have proposed a method of 
ca lcu la t ing  the d i s t r ibu t ion  of the shear  s t r e s s e s ,  t e m -  
p e r a t u r e s ,  and h e a t - t r a n s f e r  coeff icients  over  the p e r -  
i m e t e r  of r e c t angu l a r  channels .  The i r  ca lcula t ions  
were  based  on a s e m i e m p i r i e a l  tu rbu lence  theory  and 
on the a s sumpt ion  that a un ive r s a l  veloci ty  d i s t r i b u -  
t ion law i s  val id  in the case  under  cons idera t ion .  The 
h e a t - t r a n s f e r  coeff icients  were a s s u m e d  to have zero 
va lues  at a c o r n e r .  The exper imenta l  values  of the 
r e s i s t a n c e  coeff icients  averaged  over  the c ross  s e c -  
t ion of a square  channel  proved to exceed the t h e o r e -  
t ical  va lues  [1] by 12~ [2], while the h e a t - t r a n s f e r  co-  
eff ic ients  at Re ~ 5 �9 104 exceeded the theore t ica l  value 
by 10% [3]. According to the authors  of [2], these  

d i s c r epanc i e s  may  be a t t r ibuted  to the fact that the 
theory  [1] neglec ts  the secondary  c u r r e n t s  which act  
to i n c r e a s e  r e s i s t a n c e  and heat t r a n s f e r  in  the c o r n e r  
a r e a s .  

Graphs of the t e m p e r a t u r e  and heat - f lux d i s t r i -  
but ion over  the p e r i m e t e r  of r ec t angu la r  channels  
we re  plotted ana ly t ica l ly  in [4] on the bas i s  of Niku- 
r a d z e ' s  [5] empir ica l  d i s t r ibu t ion  of shear  s t r e s s e s  
at the channel  wells  for  i so the rma l  flow. Natural ly ,  
for  this  case ,  the reg ion  of high t e m p e r a t u r e s  and low 
t he r ma l  f luxes at the c o r n e r s  is  apprec iab ly  s m a l l e r  
than in [1]. 

At the same t ime,  we a re  not aware of any expe r -  
imen t s  a imed at a d i r ec t  de t e rmina t ion  of the t e m p e r -  
a tu res  and h e a t - t r a n s f e r  coeff icients  along the p e r -  
i m e t e r  of r ec t angu la r  channels .  An exception is  [6], 
where  the t e m p e r a t u r e  d i s t r ibu t ion  over  the i nne r  
p e r i m e t e r  of a r ec t angu la r  channel  was m e a s u r e d  for  
m e r c u r y  flow. In these  expe r imen t s ,  the m e a s u r e d  
c o r n e r  t e m p e r a t u r e s  were  only s l ight ly higher  than the 
t e m p e r a t u r e s  a t t he  middle  of the wal ls .  I twas  also ob-  
se rved  that the sur face  t e m p e r a t u r e  d i s t r ibu t ion  equa l -  
izes  with i n c r e a s i n g  Pecle t  numbe r .  

Closely  r e l a t ed  to our  inves t iga t ion  is  the careful  
exper imen ta l  study pe r f o r me d  by Ecker t  and I rv ine  [7], 
in  which the local  h e a t - t r a n s f e r  coeff icients  were  de -  
t e r m i n e d  for  a i r  heated in an i soce les  t r i a n g u l a r  chan-  
nel with ve r tex  angle of 11.5 ~ . The graphs obtained in 
[7] revea l  that at  the base  of the t r i ang le  and at the 
84.25 ~ angle i tse l f ,  the h e a t - t r a n s f e r  coeff icients  a re  
m a x i m u m  and p rac t i ca l ly  constant .  In this  region,  the 
ra t io  of the local  h e a t - t r a n s f e r  coeff icients  to the mean  
c r o s s - s e c t i o n a l  coeff icients  is  roughly equal to 2.1. 
The authors  of [7] found that the mean  h e a t - t r a n s f e r  
coeff icients  in the channel  studied were  approximate ly  
half the i r  value calcula ted f rom a fo rmula  for c i r c u l a r  
tubes .  

Thus,  the l o c a l h e a t - t r a n s f e r  coeff icients  at a n e a r l y  
r igh t -ang led  c o r n e r  and in i ts  p rox imi ty  a re  roughly 
equal to those in c i r c u l a r  tubes .  This r e su l t  [7] d i s -  
ag rees  qual i ta t ive ly  with the s t a tements  in  [1, 5], a e -  
cording to which the h e a t - t r a n s f e r  coeff icients  approach 
zero  at a c o r ne r .  

An exper imenta l  de t e rmina t ion  of the t e m p e r a t u r e s  
and h e a t - t r a n s f e r  coeff icients  along the p e r i m e t e r  of 
square  channels  is  thus undoubtedly of i n t e r e s t .  It may  
be noted that the impor t ance  and ac tual i ty  of this  p r o b -  
l em was emphas ized  in [8]. 

Usual ly ,  the p rocedure  employed in s tudying heat 
t r a n s f e r  for  fluid flows in channels  cons i s t s  in m e a -  
su r ing  the t e m p e r a t u r e  of the outer  sur face ,  ca l cu -  
la t ing the t e m p e r a t u r e  grad ien ts  in the wall ,  and then 



JOURNAL OF ENGINEERING PHYSICS 193 

ca lcu la t ing  the coeff icients  of heat t r a n s f e r  to the fluid. 
For  c i r c u l a r  tubes ,  the p rob lem of d e t e r m i n i n g  the 
t e m p e r a t u r e  g rad ien t s  in the wal ls  has been  solved 
ana ly t ica l ly .  For  channels  of complex c ros s  sect ion,  
the t e m p e r a t u r e  ~radients  in the wal ls  a r e  convent ion-  
a l ly  d e t e r m i n e d  by n u m e r i c a l  methods,  for  example ,  
with the aid of f in i t e -d i f fe rence  schemes  [4]. 

In the following, a p rocedure  is desc r ibed  for ob-  
ta in ing  an ana ly t ica l  solut ion to the p rob lem of d e t e r -  
min ing  the local  h e a t - t r a n s f e r  coeff icients  and t e m p e r -  
a tu re  d i s t r ibu t ions  along the inne r  p e r i m e t e r  of tubes  
of square  c ro s s  sec t ion  with un i fo rm volume heat r e -  
l ease  in the wal ls ,  for a given t e m p e r a t u r e  d i s t r i b u -  
t ion over  the outer  p e r i m e t e r  of the channel .  It is a s -  
sumed that t h e r e  is  no heat flow in the axial d i rec t ion  
along the wal ls ,  i . e . ,  the d i s cus s ion  is  l imi ted  to the 
two-d imens iona l  p rob lem.  The h e a t - t r a n s f e r  coeff i -  
c ient  of the wall  m a t e r i a l ,  taken for  a ce r t a in  mean  
wall  t e m p e r a t u r e ,  is postulated to be constant .  The 
e r r o r  in t roduced  by this  s impl i f i ca t ion  is  r e l a t ive ly  
smal l  even for m a t e r i a l s  of low the rma l  conduct ivi ty  
such as s t a in l e s s  s teel ,  cha rac t e r i zed  by la rge  wall 
t e m p e r a t u r e  g rad ien t s  at high the rma l  loads.  The outer  
su r face  of the tube is a s s u m e d  to be adiabat ic ,  which 
i n ' m o s t  cases  co r re sponds  to the tes t  condi t ions,  
s ince  usua l ly  the heat  r e l e a s e  to the a tmosphere  does 
not exceed 5%. We under s t and  the t e m p e r a t u r e  of the 
fluid (tfl) to be the mean  c r o s s - s e c t i o n a l  flow t e m p e r -  
a tu re .  

Let  us examine  the c ros s  sec t ion  of a square  chan-  
nel (see the f igure) .  In view of the s y m m e t r y  with r e -  
spect  to axes pas s ing  through the middle  of the s ides ,  
the p rob lem is to be solved for the r ec t angu la r  e l e -  
men t  ACDO. 

By in t roduc ing  the notat ion 0 = t - tfl, the heat 
equation takes  the fo rm 

_ _  O ~ 0 q~ 0 2 0 q_ _ (1) 
Ox ~ ' Oy~ )~ 

The boundary  condit ions for the e l emen t  ACDO are  

oo = c o  =o ,  oo 
Ox x=o 0, ~-x x=l= 0, (2) Og y=o 

O 0 + h ( x ) % = 6  = { Q(x), o~<x4~, (3) 
Og O, 6 ~ . x ~ l .  

The condit ion for the in te rcep t  BP may  be wr i t t en  in 
the same  fo rm as  for  BA: 

O0 
- -  + h (g) 01~= 6 = Q (g), o K g K 5, (4) 
Ox 

where  Q(x) and Q(y) a re  ce r t a in  funct ions,  and h(x) = 
= ~(x)/X; h(y) = c~(y)/X. We wri te  the funct ions h(x) and 
h(y), which c h a r a c t e r i z e  (except on the in t e rcep t s  AB 
and BP, where they a r e  f ict i t ious)  the va r i a t i on  of the 
h e a t - t r a n s f e r  coeff ic ients  along the p e r i m e t e r ,  in the 
fo rm 

r 

h (x) = a o + "~ a~ q~k (x), 
k = l  

o~ 

h (g) = ao + ~ ak ~k (V), (5) 
k = l  

where  a0, �9 �9 �9 , a k a re  ce r t a in  unknown coeff ic ients ,  
while g0k(X) and q~k(y) a re  ce r t a in  funct ions which may 
be expressed ,  for  example,  by po lynomia ls .  

By solving the p rob lem with the aid of e igenfunc-  
t ions ,  an express ion  is  obtained for  the t e m p e r a t u r e  
d i s t r ibu t ion  in the wall ,  in the case where the hea t -  
t r a n s f e r  coefficient  is cons tant  along the p e r i m e t e r :  

0(x, g ) =  ~ -  Q o + - ~ - +  2~, / - - ~ - ~ -  

00 
2Q~ ch ~ n n n - - X  + ~ -  g cos l 

ztnsh ~ n _ ( 5 + h / c h ~ n  5 
,~=1 l l 

(6) 

where Q0, Q1, . . .  , Qn are  a r b i t r a r y  cons tan ts .  
Then, for an a r b i t r a r y  d i s t r ibu t ion  of the hea t -  

t r a n s f e r  coeff icients  over  the p e r i m e t e r ,  we have 

o (x, v) = 
c~ 

_ _  _ _  ~ n  . % 1 1  

= Fo q~g2 + E  F. ch gc~ ~ - x ,  (7) 
2k T 

n = l  

where F0, Fl,  . . . .  F n a re  c e r t a i n  unknown coefh 
icents  that  depend on h(x,y),  qvA,  6, and 1. 

It should be noted that the e igenvalues  and e igen-  
funct ions  for  an a r b i t r a r y  d i s t r ibu t ion  of the hea t -  
t r a n s f e r  coeff icients  over  the p e r i m e t e r  a re  the same  
as in the case  of a constant  h e a t - t r a n s f e r  coefficient,  
namely :  e igenvalues  v n = (~n//Z; e igenfunct ions  X n = 
= cos(~a/ / )x ,  where  n = 1, 2 . . . .  ; zero  e igenvalue  1,0 = 
= 0; zero eigenfunct ion X 0 = 1. 

Equation (7) sa t i s f ies  all  boundary  condit ions ex-  
cept condit ions (3) and (4) which, with al lowance for  
(5), ma y  be wr i t t en  in the fo rm 

0 0 + 0  [ao + ~ ak(P~(V) I 
k = l  _ x ~  

= Q(v), 0. .<v~<6, (8) 

Og + 0 ao + as ~(x)  
k = l  6 ~ y =  

_ _ { Q(x),  O ~  x.~ .  5, (9) 
O, 6 ~ x . ~ l .  

Having made (7) sa t i s fy  condit ion (8), we mul t ip ly  
the obtained equation s u c c e s s i v e l y  f i r s t  by the e igen-  
funct ions  cos 0r/ /)y . . . . .  cos 0rm//)y,  and then by Y0 = 
= 1, and in tegra te  over  y f rom 0 to 6. The r e su l t ing  
sys t em of m equations has the fo rm 

E Fn(aocos~n 6 nn " #n - -  - - -  S l n  - -  

l l l 
n = l  

6 
j '  ~ n  ~ m  

x c h - ~ -  ycos -l gdy+ 
0 

6 

(2 + a o F o cos - -  g@--  ! 
0 

~ ) x  

(lo) 
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where  

6 
qv ; y2cos n m y d y ) +  
2~ l 

0 

+Fo~a~; %(y)cos ~m -I ydy--  
k=l 0 

6 Qo 

q~ a~ 17~ (y) cos ~ Vdy + 
2L 

k=l  0 

t~ ov 

l 
~ I  n~ l  

6 

x ; ~pk(y)ch nn nm -7-  v cos T ~  vdv = O,~, 
0 

6 

Q~ = Qiv) cos ~ VdV, 
0 

and the equation for  Q0 is 

(10) 
(cont 'd) 

E F. (aocos z~_nl 6 n__nl sin 

6 

x ch T vdy + 
0 

nnl 6 )  x 

6 

k=l  0 

6 
qv ~ ak ; y2l~k(y) dy + 
2L 

/~=i 0 

6 
E ~ '  ; nn  + , akF,~cos n n_nl 6 %(y) ch ~ -  yd 9 _  

k=l n=l  0 

= j' Q(v)dv .  (11) 

0 

After  (7) was made to sa t i s fy  condition (9), and 
having p e r f o r m e d  the same  operat ions ,  but in tegrat ing 
over  x f r o m  0 to l, we obtain a sys t em of n equations 
of the f o r m  

l 
q~6 ; - - - -  cos xdx + 
L l 0 

~_2 F {nn nn nn ) 
+ n~ l s h - - i  6 + a ~  l ~ )< 

n= l  

l 

; <~  COS2 ~ l  xdx+ 
0 

l 

+ a  o F o -  q~62/ c o s - -  xdx+ 
2X ] l 

0 

l 

2~, ] a~ % (x) cos T 
k=l 0 

l 

l % (x) cos ~ ~ n xdx = Q., (12) 
l 

k=l n=I 0 

where  

l 

qn = ; Q (x) cos ~'-2-nl xdx, 

0 

and 

qo6l + Fn - - s h  6 + a o c h  
)~ ' l l 

n~l  

l 

x ; c0s~-nn xdx+aol ~(Fo-- q~ 
0 

t 

-4- E ~ akFn c h ~--~-~ ~ ~ q~k (X)COS ~ x dx = Qo, 
k=l ~=l l 1 

0 

l 

QO = ,I O.(x) dx. 
0 

(13) 

On the s t rength of the s y m m e t r y  with r e spec t  to 
the diagonal of square  OB, we have: Q(x) = Q(y); Qm = 
= Qn; ~Ok(X) = q~k(Y) ; Xn(x) = Ym(Y), i . e . ,  cos(~n//)x = 
=cos (Trm//)y, where m = n. 

By subtrac t ing the sys t em of equations (12) f r o m  
the sys t em of equations (10), and subtrac t ing Eq. (13) 
f r o m  (11), we obtain a sys t em of (I1 + 1) equations 
with ( n + k + 2 )  unknowns F0, F1 . . . . .  Fn; a0, a l , . . . ,  
a k. Thus, to c lose the sys t em of equations,  (k + 1) 
equations mus t  be still obtained. Assuming we have 
m e a s u r e d  exper imenta l ly  (n + 1) t empe ra tu r e s  along 
the x -ax is  on the outer  sur face  of the channel, then by 
substi tut ing the exper imental  t empe ra tu r e s  and the i r  
cor responding  coordinates  into (7) we obtain a sys t em 
of (n + I) equations f r o m  which the (n + 1) unknowns 
F0, F 1 . . . .  , F n can be de termined:  

0 (x, O) = F o -',- Yn cos - -~  
n=l  

(14) 

If we set  n = k, then by substi tuting the values of F0, 
F 1 . . . . .  F n into the s y s t e m s  of equations (10)-(12) 
and (11)-(14), we a r : i v e  at a sys t em of (n + 1) equa-  
t ions which is so lva) le  with r e spec t  to the (n + 1) un-  
knowns a 0, a 1 . . . .  . a k- 

Thus,  the p rob lem can be so lvedonly  in the case  in 
which the number  of t e r m s  in (5) is equal to the num-  
be r  of exper imenta l ly  m e a s u r e d  t empe ra tu r e s .  The 
obtained coefhc ien ts  a0, a 1, . . .  , a k can be subs t i -  
tuted into (5) to obtain the functions h(x) and h(y), and, 
also, a re la t ion  fc, r the var ia t ion  of the h e a t - t r a n s f e r  
coefficient along the inner perimeter, ~ (x) and ~ (y). 
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Obviously,  the n u m b e r  of expe r imen ta l l y  m e a s u r e d  
wall  t e m p e r a t u r e s  will be l imi ted  in p rac t ice .  Hence, 
in the approximate  solut ion of the p rob lem,  the n u m -  
be r  of equat ions in the sys t ems  and the n u m b e r  of 
t e r m s  in  the sums  will be l imi ted .  The accu racy  in 
the de t e rmina t ion  of the des i r ed  r e l a t ions  improves  
with i n c r e a s i n g  n u m b e r  of expe r imen ta l l y  m e a s u r e d  
o u t e r - s u r f a c e  t e m p e r a t u r e s .  To improve  the a c c u r -  
acy, it is  n e c e s s a r y  in the expe r imen ta l  scheme to 
i n c r e a s e  the c r o s s - s e c t i o n a l  d imens ions  of the chan-  
nel and to reduce  the wall th ickness  and the junc t ion  
d imens ions  of the the rmoeoup les  used  to m e a s u r e  the 
wall  t e m p e r a t u r e s .  

As an example ,  the f igure shows the wall  t e m p e r -  
a ture  d i s t r ibu t ion  obtained f rom (6) for  a square  chan-  
nel under  the a s sumpt ion  that the h e a t - t r a n s f e r  co-  
eff ic ients  a re  constant  along the inne r  p e r i m e t e r .  

The a r b i t r a r y  cons tan ts  Q0, Q1 . . . . .  Qn in (6) 
were  de t e rmined  in the same  m a n n e r  as above. As 
inf ini te  sys t em of a lgebra i c  equat ions with an inf in i te  
n u m b e r  of unknowns Q0, Q1 . . . . .  Qn was obtained.  
The sys t em of equat ions was solved approx imate ly  for 
values  of n up to 3. It was found that,  because  of the 
good convergence ,  the ca lcula t ions  may  be l imi t ed  to 
Q0 and Q1, so that the following sys tem of two equa-  
t ions  with two unknowns need be solved: 

T -1) Q.+ 

+ l Q1 + 

n sh a*6 l -t- hl ca 

+ q~5 2 +q~h6 a.=O, 

~6 
sin - -  

~ l 

- -  cos - -  + ch z~6 sin • 
l t l 

-~ + hl ch --1 Ql ~- 

+ q j 5  sinn6 

q~//P 6 

~ l 

n6 %hl3 sin n6 cos - -  + - -  = 0. 
l n3~ l 

(15) 

The inve r se  problem,  i . e . ,  the de t e rmina t ion  of 
the h e a t - t r a n s f e r  coefficient  d i s t r ibu t ion  f rom a given 
t e m p e r a t u r e  d i s t r ibu t ion  can be r ead i ly  solved by the 

method desc r ibed .  This  involves  m e r e l y  a sl ight i n -  
c r e a s e  in  computat ional  labor .  

The desc r ibed  p rocedure  for  ca lcu la t ing  heat t r a n s -  
fe r  was applied to the p r o c e s s i n g  of exper imenta l  data 
obtained for the tu rbu len t  flow of a coolant  in e l e c t r i -  
ca l ly  heated square  channels  3.5 x 3.5 m m  and 4.7 • 
x 4.7 m m  in c ros s  sec t ion  with wall th icknesss  of 0.7 
mm.  For  s ing le -phase  flow (Re = 14 000 to 150 000), the 
h e a t - t r a n s f e r  coeff icients  were found to be p rac t i ca l l y  
constant  along the p e r i m e t e r  and equal to the hea t -  
t r a n s f e r  coeff icients  in c i r c u l a r  tubes calcula ted by 
the equ iva l en t -d i ame te r  technique.  

Surface boi l ing  se ts  in  always in the c o r n e r  r e -  
gions,  the h e a t - t r a n s f e r  coeff icients  i n c r e a s i n g  
abrupt ly  in these  a r ea s .  During sur face  boil ing,  the 
h e a t - t r a n s f e r  coeff icients  and heat f luxes undergo 
pronounced changes along the p e r i m e t e r ,  dec rea s ing  
f r o m  the c o r n e r  to the middle  of the wa[l.  The r e -  
la t ion  between the local  h e a t - t r a n s f e r  in tens i ty  and 
the local  t he rma l  f luxes r e m a i n s  the s ame  as in  c i r -  
cu la r  tubes ,  i . e . ,  c.~m ~ q ~ .  

NOTATION 

t is  the wall t e m p e r a t u r e ;  qv is  the specif ic  vo lume 
heat r e l e a s e  in the wall ;  q is the specif ic  heat  flux to 
the l iquid;  X is the specif ic  t he rma l  conduct ivi ty  of the 
wall  m a t e r i a l ;  c~ is the h e a t - t r a n s f e r  coefficient  to the 
fluid; 5 is the wall th ickness ,  l i s  half  the length of the 
tube outer  sur face  ; x and y a r e  coordina tes  ; subsc r ip t  
fl denotes f luid;  subsc r ip t  l denotes local .  
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